
AD—A044 911 STANFORD UNIV CALIF DEPT OF OPERATIONS RESEARCH F/S 12/2 N I
TIE DIFFUSION APPROXIMATION FOR TANDEM QUEUES IN HEAVY TRAFFIC. w)
AUG 77 J N HARRISON N000II,—76—c—O41e

UNCLASSIFIED TR—75 PU.

_ _ _  

__P!1I
I

Ii

I
r 

- 

T~~~



/

—

-

:~ ~ 
AI*JST ~~

PEPMED IMOER CONTRACT

~~0O147$ C-O4i8 (lm~o47-.o61)
P01 THE OFFICE OF NAVAL RESEARCH

In *o~.or In Part Is Psvmltted
- . of the UnItsd StateS Goven nt

been aproved for public release and sa)e;~
- Its distribUtion Is unlimited

!~±J IEPARNEPtI OF CPERATICIIS ~Eu~~cii
smiw~~ tanvusrryC.3 sT~iwo~o, CAUFO01IA



THE DIFFUSION APPROXIMATION FOR TANDEM QUEUES IN HEAVY TRAFFIC

BY

J. MICHAEL HARRISON

TECHNICAL REPORT NO. 75

AUGUST 10, 1977 ç~r ? -~~~~~~ ‘
~

I
, .

PREPARE D UNDER CONTRACT 
oc~ 

5 19TT

FOR THE OFFICE NAVAL RESEARCH

Frederick S. Hilli er, Project Director

Reproduction in Whole or in Part is Permitted
for any Purpose of the United States Government

This document has been approved for public release
and sale ; its distribution is unlimited.

This research was supported in part by National Science Foundation
Grant ENG 75—14847 Department of Operations Research, Stanford University
and issued as Technical Report 45

DEPARTMENT OF OPERATIONS RESEARCH

STANFORD UNIVERSITY
STAN FORD, CAL iFORNIA

~~~~~~~~~~~~~~ -~~~~~~—-——~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



T}f~ UtF FU~3I0N APP1~)XIMATION FOR TANI EM QUEUES I N  1~i~A !~’ ~~~~~~~

J. Michae l Harrison

Graduate Schoo’ of 13usine~~s
Stanford Universi  uv

1. Introduction

We consider  in t h i s  paper a t w c — d i m ~ n~; io, ia di L 1~~~~i f l  r~ e.s t !~at,

arises in conjunction with the following type of ~ueu ire~ s~’~ l e~~. The ~~~~~

is composed of two single server fac ili t i es  (or stat ions ) a! rar 1~ e in tan e~~.

Customers arrive individually fro m outside the ~y~ te ! . a~i ~~~~~ U L  ~.r

service at the f i r s t  s tat ion.  Having completed service t i ~~ t e , t hei  oct ~ -~

to a aueue in front of the second station, n r L~ a f ter  c~~~~1 et.~ m:~ , r e r ’it e

at the second station they depart the 1~~tc~~. e r ’ri e b;~ ~r er

arrival at each station.

We assume that the system is empty at time - 
~n that ti ’e intef-

arrival times and service t imes at the two st,~ t~ on~. ~~~~~~~~ : .~ t ;a~~iy

independent seauences of lID random variables . The i r i t e ; -~~e i v a i  t i i ue~’ are

dt :~tr ibuted as a random variable v0 
hav ing mean a0 ~~ :~i r iite v~ r i~~r~

and the service times at station k (k 1.2) are ~‘‘ ft’~te~ as a

random var iable  with mean a
k 

an ’i fi n i t e  v a r ian c ~~~ . ~~‘

the t r a f f i c  in tens i t ies  k ak~~
L

~ 
(~c i .~~~. The ~~~~~ sa~ to

be stable if k ~ f c r  each station k , a n .  a .~i tu tlon 1’ i~ avv

t r a ff i c  is :;ald to prevail if k is near one for cad r t a t~ om ~. For a

s tab l e  sy~ t~ n we f u rth e r  ~e fi ne
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Thus a r t ab  ~e ~yr  t .-o is in heavy t r a f l  I when ~ S pe:~ V - uu L rndt f

zero. F in a l l y ,  it  w i l J  be L ,mlveni ent to d e t ’i ne

)
1
1 ~~

~ . — and •(
I
l 2

where ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (~~~ —o, )i ~~ oi~

( a —a 1 . N o t c  that ~ and t are t i e  ~ne ir~ v eH.~~r n ~ e :r:~j i r t m i . --

matr ix  respectively of the ran -io~, v t r  (v
1—v , v~ 

_v
t
). I~e aur: we l~

not require that the variances be r t r i t l~y 1O s i t i v ~~. (. nec not o

posit ive ie f in it c , but it i r  r ion-ne€yat~ ve l e f in i t e  in any ca~~~.

Let be the watt . in~ time (~~xcliy ive of se~~~~ce ~ nne~ at

station k for the ~th arr iv ing r i st om e r , an I  let W ~
- (W 1, ~i . If

fl TI Ii

the system is stable, it is ~:eil Icnown that thc re exirts a lan ~m ye

w (w 1,~r )  such that W W as n -~~~~~~ , where En o t e s  w~ a~

convergence (convergence in di s t ri i iut iori

In an earlier paper . 2 1,  a limit theorems was pr:v~ show t i i~~

in heavy traffic the distribution of oW ran c ~~~~~~ i - a t e  I by th e

limit distr itution of a certain stochastic ~roces r ! Z ( t ~~, 0 .

The process Z ;a ; ~ef i ned as an exp l ic i t, but r e l a t i ve l y r t ~ I i~ at~.

transformation of a th rce— Lmensional Kr \-.- ni an Mol Lon . I i . r 1 io it

d i-;t’ibution was octermine l for one special  case (in our - . i - m ~~rit n O l i t

~ 
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the case = ~, )  by an invariance princi p le argu ment , but the

general problem of evaluating the limit I is t r ibution was left  pen . It

is to this problem that we now return. The current discussion is restricted

to the case of two queues in tandem, but most of what will be said extend s

readily to the general model with K stations in series.

In Sections 2 and 5 we repeat the definition of Z and show that

it is a diffusion process (continuous strong Markov process) whose state

space is the non-negative quadrant. More specifically, on the interior

of its state space the process behaves like ordinary Brownian M~tion

with drift vector ~ and covariance matrix 
~~
, and it reflects instan-

taneously at each axis (boundary surface). At one axis (the one corresponding

to an empty second station in the original ciueueing system , the direction

of reflection is normal to the axis, but at the other axis the reflection

has a tangential component as well. In Section ~ we also display he

(weak infinitesimal) generator of Z.

In Sections 14 through ( we demonstrate that the limit distribution

of Z is the solution of a first passage problem for a certain iua~

diffusion process Z*. Using the analytical theory of Markov processes,

we then derive in Section 7 the following partial differential ecuation

(with boundary conditions) for the density f of the limit dirtrihction.

l~~~. 2 1 2
+ ~l2fl~ ~ — - ~2fJ (x ,y.i 0

I
+ 0. ~~f J ( x ,0) 0

2 1
~~ 

+ (
~ o

~ ~ ~~~~~~~ — ~i.1fI(0 , y ) =  0

5
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(He re , and Lat .e ‘ in the ~~~ ce , we use tbc notation

f 1~ x ,y )  ~~ ~ .‘ s ,y )  , f . ( x , y )  ‘-
~ 
;~~~

-

and so f o r t h .  ) i~ ~e t  ion  h ..~~
- 
~ho. tdat the l imi t  di et r 1 b~i l . i e n  ha.~

in~ ependeri~. eouip aiente I V ~ e~ ~~~ .~~, Iii wh i t-b e t r ’-  en i ~~~ r n t  i s

exponential iy i~ s t r i b u t e  I . This ex i ar i i~ slightly ~~~ c i~~nt ~ of so. ~t

obtained o~- e v u : ,  in 2]. Finally, in S e e t i c c  1 , xc ~eo; -: t.~~y so1v~

for f when ~ in toe identity matrix ani , = 0. ~In ter!;.~ Of the

origi nal tan Ie’~ cueu i ng system . this corresponds tn the e~ ee 

~b
rleter’sinistic services at the first etali or t , and p 1 

= ,,.) T i e  ~~~tri —

nt i on  doer not have independent components.

The explicit solutions u~tainei here are c er t c i i ; : f r a~~t e n t c r .

but ~-.e hope that they can help to stimulate an- i di r e :~ nc interest

others in t h i s problem. To determine explicitly the erie r.’ti no t~ ti ~n

cf toe partial differential e:~u at io n u~ ayed abo ie , uj;c a u n t eVer 

some significant analytical difficulties. Relatively litti~. e~~~~u t u n . ~

been devoted to the problems thus far, however , and an ext ir t getl€

solution say in fact he obtainable.

FinalLy, we note that  tandem qu euer are the sin.~ Ie:L ase or’ a

queuing network, so any alla y ti.cal in.;i.ght s  obtained here sjxoit ld be

valuable in iete ’mining heavy t r a f f i c  approxcsi~ tions for  the eene ral ~ t t-

work no:lel. Limit the rem:; justifying di fi ns ion approximations for ; e11c 10 I

networks will he pr e n ent e  in a forthcoming paper ny Re it :~~n I ~ 1.
together with analytical charactcri/atisns ef the relevant ifl tiien: .
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2. A Reflection Mapp ing in Two-hirnerm ;ious

Let B denote the set on funetions x (.) = (x.,(.), x

that map 0 ,
~~~

) into ~~ an I are I u.  I , -  or f ml fe nt ’- t ’v’t . Let

B÷ be the subset of such functions tha t are non_nt~ r ; t i v -  an~ mi s— 1, -t e ar i t :~~

For x C B let C(x) be the set of all  ~ C B such tho u
+

+ Fn Jth  
‘
~‘0 f or all t > 0

and

x , (t ’l — ~1(t )  F ,(t) -~ 0 for ‘iLl t .‘ C’

It is obvious that C ( x )  is non-empty . Moreover , it has a mi nimal element .

meaning that there exists y L C(x ’ such that y1
( t ’ :

1
( t ~ .n~~i

y (t )  < ~ . (t\ for alt ~ e. C(x i ani all t 0. This rn : ut i c a ! eiement I:

explicitly given by

y 1 (t) = sup
O c u < t

(1) 
—

/ + + +y, ( t )  = sup f - ~x ~u - y1
(u) U °°l~ ~ ~~~~ 

1 - ‘. (ull
0 < u ~~ t 0 = v < u ~~ t

We define a mapping f (f1,f ):B ~~
BF by set t ing y~ r~~(x) n o .

y = f ( x ) .  A lso , we def ine g (g 1.g t : 1 - ~ . b by :~ t r . t- 1
; x h

and g, . (x .~ - t y

An interpretation of the mapu i r l; :‘ f i n ;  g is i .  f o l l o w s .

Imagine a man (hereafter  calle l the ~~
- u n t  n tier) who f u r  - Iw o t ank

accounts , the contents of thi ch f l u c t .  d ’ ’ Ii i ’  1 )  ;, n ’ e n t r d  I t i  I .‘ e h :  i In’

— -~~~~~~~~. - -- ~ -- -~~~~ -~~~~, _ _ ___
~~_T~.



and withdrawals.  In the absence any intervention by tin- ‘ ,u i t roller ,

the content of account k at t ime t w i l l , be xk
(’ I . Lu p artl uini t ,

the initial contents of the two accounts are x 1 (0) ~.f x (o ; . The

controller has tho ability to transfer money from aceo’nntt 2 to acc ,irt t I,

and we denote by ~1
(t) the t,otal amc’.;nt of money so traits ! ‘ei - r c  iur i n g

the interval [0.t]. He aizo can deposit money (g:tteul outside the

system) in account , and we denote by ~ (t) the t ota l  artiuw,t iep~~~i te~

during [0,t]. The pair ~ = 

~~~~~~ 
u s called a contro t. ~~ we r uppo: ;e

that the controller is required to keep the content of each account non-

negative , then C ( x )  represents the set of feasible controls . I f we

suppose that the controller wants to minimize the total volume of his

transactions (in the strongest possible sense), then y = f(x represents

the optimal control, and the content of account k at ~~::e t will be

zk
(t) when the optimal control is employed , where z

The effect of the reflection mapping g is portrayed graphically

in Figure 1 below. Suppose x -
~~ B is continuous an represents the nainj i e

path of a stochastic process . Let y f ( x  and z = six) . Continuing

the interpretation of f and g given above, one might call x the

uncontrolled process and z the controlled process. If x(0) is strictly

positive , then x = a until the first time that x strikes a boundary

point of th e non-negat ive quadrant. If the horizontal axis (x = 0)

is struck first, then the local behavior of the controlled process after

hitting is given by r1 
.-  x1 and Z: = x,, + y

~. 
The control Y) increases

in the minimal amounts necessary to keep z,, non-negative , an ! we have

the normal reflection pictured In Figure 1. If the vertical axis (x1 
= 0)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ,. . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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x 2

N
N

x l

Figure 1

Angles of Reflection Induced by the Mapping g

s ~ck first, however, then the effect of the mapping g is slightly

more complicated. The local behavior of the controlled process after

hitting is now given by z1 
= + y

1 
and z,~ = x - y~ . The central

y1 increases in the minimal amounts necessary to keep z1 
u:oti- net-’ati ve-.

and we have non-normal reflection in the direction shown in Figure 1.

A final important property of the mapping g is I b ua t  i t is

memoryless in the following sense. Suppose x C B anu a g(x). For

arbitrary T > 0, let zT(t) z(T + t )  and

XT
(t) = z(T) -4’ [x(T + t) - x (T)J

for t> 0. Then

7
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(t) = g X 1j(t for L - U

Thu s the sample pa ul. of t h e  controlled or tel ’ 
~r tel pz ’~~:eo. ~ ~1tci

t tnte T I conip 1 e 
~
. ~ te rm rte I cy ~Y T )  ma t u e  :;~ .j .1 e i~- !u - u ’ t i e

wisontrolled process x u~~Le n’ ti me T. To ‘ e s u - .’ - - i I i c, i t  i~ ~ t te nt

by app lyi ng the u ’-~i’ - t. l o u t  mapp i’a g to t h e  pr .~u - ~~ ;~ X,~,. 
‘
~~ia : e , :, ~v~,’ le ; :

property (2 )  t’olioun I tirieniately I i :  h -: sh a t - ac Ler ’i2a1 i~ n of x cc

the minimal element ~ -:‘ ( x l  it is not at aiJ a, n a ’ e n t  f ; ’ ,r,; i i ~ ext. L ’t ’ ’  t.

representat ion ( i ) .

~. The t i f t ’ j~~iun

Viewing ~ c-n as a i m  i ti ’~~i f  data : iC  L ’O i  I c  (~~~- è 1 . t far  tk i t ’

requirement that ~ cc sy m m e t r i c  and u t o n -n e u ~at iv c  del’ ir i i  b~~) , ct

x = f x ( t ) ,  t > 0) o~ a two— i r uensicna .1 bm’o ; -au ian  u iotj on A’ l L b  d r i f t :  V

covariance ~a tr i x  ~~. and pen . t ’ar s t a sh in g  r t ’ L ~~. I t ’  ~~~~ ~~ +

= 

~~~~~ 
and a’

2 
= + r9 ( see s ec t tori a ) ,  taco such a h i ro cen s  ‘—ri

be constv’icued by taking

x 1 (t ) 1-
0~~~

(t - ~
-
1~1(t) ÷

x( t ) = = .

X (t) (t~ 
— y,~~ , (t- ) ÷

where the pr-~ ’esse : are independent stan i i ; ’ (:en’o rmn and un i t

variance) Brownian :-t tions with general starting ~Lat ’ e,, in the u~ ttu1

way , xe denote by i’~
(.) the distribution on the path epe-ec of X

ceu- respon in~ to starting state x (x 1,x ,) h ~~~~
‘

. We -Ief ’ine the

_ _ _ _ _  

; ,~_ _~,__ , _ _ _ _ _~~T_ - .
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processes Y f ( X  ‘iat V g I X ) ,  so ti;*t t

+ Y1
(tt , ‘ C’

z , (t )  = x ( t )  - y ( t  y (t) . t

Proposition 1. Z is a strong Markov process with stat e .:nnue

and its samp le path ,- are almost scr’e ly c an t i  f lhi(o~~ s .

Proof. Frors the exp !icit representation 11r y f ( x ’t t ’at  ea:~ r ’ ’ ven

in Section 2 it foltoes easil y tea t f and g both map : c nt i n i i t o u s

functions into continuous fu r ;- m i ’ions . ‘ ,ts :s the cat!: ~cont~ jt.f t y at V.

follows from the continuity of Y . The s t route  !-2mrk v u l’ol arty I icr- c i t o

from (2)  and the ~t r -mn g Markov property and s t a t i or u i r ,;. I u h o t - e n i e r t II~C ’  -

inent s of .

Observe that Z(o ) = (0) whenever X (0) 2. Thur P(S )

can alternately be interprete i as the distribution ufl the cal l ~~~ tt ce of

Z corresponding to 2 ( o ) ’= x , p rev isel that x a S. In t t e i imere ;t ef

characterizing more completely our underlying diffusion ‘ , a -  conc Lu d e

th i s  section with a result ~hcm-i rig hot- its generator cpef’atc,.- a n a  c~ ar:

of smooth funct i ons. We shall make no fu r the r  use of the ,‘eruer’atcr of

Z in this paper, however.

Following 2yx~kin I 1], we lefine to be the s~~t ~ t’ uo rui r ; .

measurable functions f:S -“ ~ such that Tt
f --~ f a’ t C’, where

Ttf(x) E f(Z(l~~)j. We denote by the set of f ‘- s h  that

(Ttf - f) 
‘t converges bounriedly pointwise as t 0 i c  L t r i l t  In

_ _

-‘ .—,—.- ~~~~ —-~~ .~~~‘-- - - ‘~~---- . - —~~~~~-~~~~~~~~~ -- _,s ~~~~~~~~~~~~~ — ———— —‘— ~~~~~~~ -- - -‘-- .——---- ---~--——-—- -. p-- , - -—’----—-~ .-.-- . -- —
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The 1 m u  Is def lat e  ~ t . t h i s  - p e -~t t o r  U t .11is -d’ I s  callt I tia

weal~ ia~’’ u t  erimal ~r ,.u> rat s I c~ ~~~ j u s t  _ cr !t ’  ‘~L u r  r -  - u it

and is called the li -ma in  - t  th e  e. - r ’ , t - .

Let ient~te ‘ so :~~t. of I -s~ 1 , ‘ - u i t ~~n u ,, s i n t i e n - :  :~~ -
- • iii

such that a l l  pa i ’ ti a l  h e ! ’ i v a Iv e s  - I ’ f e~ ,. - t . an ~~~~~~ usn :t;

eo!ItiflUOtiS -on 2, Let J ( : u i -  s r . . t b . )  cc 1-li e mel at’ r-~o -  j ut:.

that vanish an some uici~~iua~-~.oo -or ’ the - - ~~~ in a acy u ii, .- r :, -~

c on t i n ua - .: car t i~~i le r ivac i  v u .  ~ r. ‘~ to . n- . ’ m ,; of 5 , ;-e ,ea n ‘ so t , cOO! .

partial  Jon v a t i . .a ap -p: ’c;a r : .es  a ±‘ ili i n I t at t i c  bout: In - t t  Lii.:

is a continuo~~. function -cf the UO f l i l 3 ’L ’~ va~ nt . tiyrmbol.s ii  Ice i’,,,(... - .1) )

are understood i-h So ~i:iiO ~~t to i c  a tb : - u u  u : - tat ii- ::. f ’  .o tcu  f i m i  ts

F i n : :  the path c u t i t l O  i Ly of Z aim - u c i r ‘a a at ’. - r e-aim cc it ~L I  a~~-S

that every bounded , continuous ~‘: S -
~~~ f~ is in ~~~~~~~. Ti m: c

For ease of notation,  we aefine a J i f f ’ ‘soot ! m l  u oem ’atm P

V t  ~ u~~t’
11 ~ ~ 

-t 
i~~i 

-

The fo l l i :- Inc  ie’- c p o m  i t .  a. u - i l  not  Vt r v ~ i i  rm a ’c  i t t i l l  b a

by a nore general resul t  of h e i r  ti ’ i’ 5] aol it i~; no t. it o - I  in t u e

rersaf rider t’ t”J a caper . ti very s~~i i  L ar  r e su ll  , 1 ru~ cc i  t l o u t  of

Sectio n ,. w il l  t o  proved in  a a l l ,  I on- ev er .

Proposition 2. $ u p p o re  f -
~~ J . The- n f  i t ’

( 5)  f 5 (x 1, O ’) = 0 f o r  a
1 

> C’ ,

and

(f
1

—f ~~) ( O .x )  0 for a > 0 ,

i n  which case UI ’ — 

10

~~~~~~~~~ - - - -~~~~~~~~~~~~~~~~~~ -- - —--—~~~~~~~~~~~~~~~~~~~~~~~~~~
‘ - - —~~~~~~~~~~ ~~- ‘ ~~~



F ~~~~ ~~~~~ 

‘

~~~~~~~~~~~~~~~ 

‘

Ct m- titions (5 )  and ~~i i -e l-a l SC V t at at c’ -
- - i . ‘ - .n ai ’y surface

(axis) the directiona l terivatlve in r h e  - I I  i ’ec’ t i~~u t a own in Fl cure 1

be oem . In the definitional system of’ Watan ate  ~( 
, such i’es t r ’  I t:’ t ; io r uc

on the domain of the generator are used to .l e f i ne  1 i’ect i  en of r et ’  ect i  an

at a boundary point. Thus , front the perspective of ~‘ia t aru~ib” ’ r th - -n p ,

Proposition 2 j u s t I f ie s  our statoment that the t i I f e , ’. ion ~ reflects

instantaneously at i ts boundary , the an ti c of’ rail cc ’ icr, ci lim a,- - t o - - l i

in Figure 1.

4~ The Limit Distr ibut ion

Assunsing that the process Z begins at t i~ - is. or , - “ - s f  sh n : :

to characterize ( and if possible compute) the d i s tr i  -at in

Ft(z) = P0(~~( t )  for n ~‘ 0 a.nci .c 2

It will actually be m ore convenient to - -0: -I’, i-i t-hi

h t (z 1. z )  = P0 ( Z 1(t  < z1
, %

1(tl + Z 0 ( t )  -
~~~ t ~

defined for t > 0 an-I (z 1, a - 2 S. The reason thim’ f-~ I ‘a Lot :  t t . i i ,

which is pr ecise ly analogous to Lemma 1 of ~~~

Proposition 3. ~t
(vi, z.~~ ~~- P

0IM ,
It) s~ , M (t) K :

~l ~
- s . i- here

M1
( t )  . - sup jX

1
( u ) )

0~a u ~~ t

sup (X , (v )  - i  X~~~~(r~~~

0’:v’ u~~t

11

-V

~ 
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Vro of.  The a m g u : m e u t i  t~ so a 1~ ul lar 1 - the i’~~o t’ ci .c W :t I in  ) t r i aL

we c h a f f  n~r t ’e y s k e t - ~- hi  it .  F - li st u t s~ C l )  Lu w r i t ,  lUWI, ~t f l

representation for :~(t f ( i i  ( -t ) , Z:,( o1 tm m’~~ t~~ t h o u  I ’ m  :~m rt t 1’a]

representat ion a j u g  1. 1 1 1 c r  ‘oils ei aL ’lp  - n - ui X (0)  — -  0. i e i . t > 0 b~

fixed . Asswning that  x ( O )  ~ 0. . ‘J ; ’ : l ’Ve th a t  ( X ( u i  - , 0 ~
- u <~ tj h r - .

the same distr ii tt .icn as

(X( t )  - x(t-u), 0 u “ t~

since X tuam l ati c- a - .’ i n  f o r  orr ien t. inci’etnenta . Ma.~c I r,~ t I l  - - - - U: ;t I a ut i  j a: ,

in the repreaeiut _ t~~~~il  f - c m ’  2 1 i, ) arm ! s iu~. t  1 r ’y i r t ~,,  a.~ attain t h e -lO,i h l”a i

proposition .

With X (0 i  a , i t,  is a e ti ’ that !f( . ) an I t i (  . ) ‘ a” -- aTum u ot

surely non — f e c  Sea: - ~~~~ ~-o the 1 i.ui tr

h’ . = tIc II ‘‘or~ I i Hun ( t )t 
~~~ 

1

exist af .rc t sure 1~ (I?
0
) . I , r l } : n i  a ’ s ,

Ft (Z) , F~ a) : t n I  I 
~~

( ‘ )  ( a )  ct~ t -~

for each -z. - S wa- - - - -

( ‘a )  F ( z
1

. z ) = 1
~~
[
~
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1 f f ’  u - I  ( 0. :-;Iu~ ’ i t :  - 1  ‘: x- j t ’~’ I.~l 
- ( i ’ _ i :  ,,
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- - , ~a’ 0 .

Thtt :t :-:t’ ht:tv the fat 1 :a ,:j rita ,

~~~~~t , r Lt ~t l i m i t  i i r F ,~ u r x i t C)

i l  “ -

m y :e i ’ i f l l ’ - iO~i , - ‘
~~ 

iS t :t °  tutui _ x i . :: u:u t of’ ‘alto ant t’: ~,:’f cl —t i - : -ic rt 1 an

?- ‘a t i s ,r .  K 1.  t i t a n o 0 cmn X
1

~~G-~~ 0, i’f 1 l’s Sl at- a to : - ‘t ~ - mit

exr- ’.:aent iat  dj s t r i b u t I , 1 ,:i w i t h  l u a u o~ /H 1I .  riO -i thail :m~~.’ L i E  first
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using ~i.-V ~~~:rt i:-:t re -lU: f o r  c~e f l e c m ::ct .1 coa r tf anm f -f- ,t i - a n t . ~~~~ t uijL Z ,

1:’ nat  Vt ~~t- K 7 mo- h i f i ~~d i ’ , a r e f lect i n g  b a r r i e r  at oc~-o . 1 : a a :  . thai

on e— 0 T u en s i o n a l  proee::~ K m a  a ,t -1a~ kuv .

1’, Re l a t e - u :) l . i’ f ’ :ion ! 1 5 :

I-c - K ’  (‘a - x ( ~ 1’- a - L 0 , a n - . let j~~
. (~~ i t ’  tfe b un-

— x

b ; r io n  on tl i~ u rath -:1-ace - i  X ’ -: ‘r ’ec; u - oit-mu rig t-~ ‘or -V t - or >:
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a ith T* = -u if the i n - l i  c a t c h  t— set  is  empty .  i~uw -r e f i n e  a j - u ’u :ess

= f z-*(t), t ~ 0) by se t t ing

x~ ( t  - - Y~~( t )  if C t -
~ T

z~(t)

X-L T~ ) 
— Y ’ ( T ’ - )  if t -~~T”

if 0 ~- t ~
‘

~‘ t ( t  =

x ’ ( i ’ )  I YUTI ’ ’) if t > T~

Observe that, with K’ ‘ie fined in temn:u- of 1’ in t h u s  - m a p ,  ‘I~ Lu

minimal function of K’ such that .:‘(t) 0 for- -Li I. ~ U . s-c - -a-

after we restr ict  a t ten t ion  to paths a:’ X X that  ue,s.In fm , t l t c  iiorm-ii ”a:itjvo

quadrant , this insuring that  i ( . )  a S.

The process a 1:; obtained from X X  in tao alma

First , we iunpose an tnirt- nt!iflenh sl~,r n ’ei’~ eating ba n:’t - ‘i - - it t o - :,o:i : ‘I ’  0 ,
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I ruj tos it t  uf l .  - - Is t strong M’ii ’kav !‘oCl-’ il ,m wi t im ~ t~~te t ’ r — t m e f m  :1 - ar t

its 0’ar:ur to act this itl’~ it  1~~o~ L t r ~’ - f.y continuous.

Lu - T ‘ l’o t o ,-:cak trtf ’ I : m i t e s i r u al generator ol’ :‘a nec l et

~~~
‘ be j ims h o r : : m u i ; t .  Let be th ef  ‘ ‘ ~~~ ‘~I aim i n  2 e u t - f .~’n . I’ I nally, ic f i rma

a -i i ffe rent ial  opex ’at~ r D~ by

~ 
mm -,

= — 0
1
111 + a j  

~
‘1,  + — O )f - 

— cu — Lt f

Proposit ion - . Suppose f a . Then f c fr ’ i f ’ : (, f ’ -f’
1

’t (x
1,

O ’ 0

for  x1 — 0 . In this case , I ’ t ’ t~m-,~ 0 for  z r- (0 , - - : )  a r t ’ ;  2~~f

a’ t i t e r - u i SE, .

V r o o f .  f t a i : u ’:o f u  n i  T e l , t’~~~) ~~
- E~ lf ( 1I’ (t))1 fur :: -

- S mtn- ~
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~’ ‘a ::Fj o~, l i - , t  , .  (~~i u ( t  ‘ - I  i ’ t C t i  I 1 l t ’ ’ t ’ I O i  poi n t  a . Thu’s

- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ —



------------------_-.- -—--—- - --—- - — --~ - —--— 
-‘ - - - -- -- - -_

~~~
- —,- , .--,._ .- ~~~~~-

- E, 1 r ( X * ( t )  ) J  + o(t) ,

because Z ~(t) K (t unt i l  t,he I’ l i - a t  l i tt i  tig of i r u - i - O u t ,  ;a!’y . It.

follows that T~ f ( : - t ) — f (s)J u D’i’(:.) a.: t 1 ; , :; i I t - -m or Tu LI

generator of X on ~~~~. ~~ fa r exairiple , ‘ s c o t t - n  ,~ K ’  -f  I n,~ 1 ; )
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- sup X (u )  - x , , ( o ) ’  - am ~ 
,~~‘ ( U )  - X ’ (;
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(ii~) - . :~~~~t )  = -x ~ ( t )  - ~I -~~ t ) ,  ( t )  ~~~~~

The n

( I -  ) T~ f ( z )  = E f(,m
1 

- u - z t ( t )  ~~( ‘ I  I +

the o ( t )  Let ’:,; on Lm ~ ’ i ’ l ; - i m t  - - u - r i o  -~~r m n i r ,, H t i - -- - v - - n t  f l’ ’ 1 , ,- ‘a’
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~‘

9
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~ s we :1, -a T I :0  ~I -a l e rho ;-  U l i , ’ , -m m m ; ’ l -  - U L t u ~ ‘ : - : —  1’ i ’ t a i ’ t t - 5 0;
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Thus it f ol lo w s  Lu - i ’m ( ( )  I h at - L T~ i’( ‘a ) — f(s) t, a ’ , n v o m ’i ’e,; Lu a f i n i t e

limit iff 1’, (-a) — f1
(s) 0. When this Ii’ .~l. is , ,.,-u ;‘‘nr;u i rt’; ( t~~) wi t h . (i;-~

and ( i -u ) — 
‘ Lii tat - - ht a in

(171 T~ f’ n ” - Cl::)) t ,f ” f ’ (-m ) -~~~~~ 
( i t -  5- ( i ’  -
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and - -

Fl ’ ‘ K ’ ( t ’ l )  I t - - -~~~~~~~ ~~~~ t . ( t .
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1
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m a r t i a l  l e e ;  - ,- ‘ m t i v - - :  of r ’ a n u  ‘ f r - t a c t  i - : -  t (~
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is Louruie : i O i O l~ - i s t ari:l (: ,z). 1 s t t . t ; I , :  it ; ,mO . . ’, ‘ - V e r i t y
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. A First 1a sm --.mge ‘ron-len

-h - - n -~-w m l ! , ’ - - c~l :1 ,  / 5 )  i ’ ; (  P ‘ u~ I _ TItu s - P t o  n n ’ . l  t , ‘a !S’- t . 10.1 t .

ll-: t,ributi-o: U K is -: ,:- ,j’- ’;- tl~ -u 4. to sol\ -im t.’, fi r-s t . p’u~~ a, -— - i - l e t -  I ’ -. ;

Theorem 1. : 
~ 

= t ’  I T ’ > ‘a ‘ - a  0 or , t H ,
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Fi nally , observe that
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Combining Ub i ’s :-j tth ( U t )  a n t  ‘a l to  a t ’ I r : i t t o r u - t ’ T ’  ‘ -, ,
~~- : :  .0 ’ - . - ct: - I ’ -

of the the ’ , f - e r r ,  The -c- - ru  I T a t - i ’  f’ I I - tm -u : j ’ r ’QCFt f i r ’ :- ;“ - ‘ , i - - f  - I I ( ‘)
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i, ‘~~1,C ’ , = FIT) f ’ u ’ —

(2~~i 1;’? = 0 e,-: : e J t  (t; ttSih , ’ ;- ‘. 1 : ’  -s r i -  n~~,

( - ) I ( z~_ , a —i ‘~ 
-j r -U i’u r ’nu ly : : t ’ o r  I -

( ° T  ‘Y L m 1.z ., ’ - . 1 .  r,ifo~~~r ,y in  :‘, v s  -

Then 1’ =

,- -om-ark I , Th a’-_- is s t ~ n o i i m - so u r .:, n o  m e i m i —sv- . a o r ~ u t , ’ C ; m . O - 1 5 -  I , :  air s- for t ’ .’ ,

r - ’a f l in g t-t:a . I’ r t - t ’ t o :- :al ’ L i y  : w t i s f i ~ ’ :m C , 1 — ( .  ~~~~ . Fru ;.:  i t t - J - ’ t ’l~~i t h ’s i t  (t  I .

‘a I’m : :  l v , , - . : that ‘ a * j : : f t _ ’ . ( I L )  a r t ; ( - O t .  I P I n o  ‘ - l l  e-, , t  I’ ; ’ a

:- . ; t , . t , t ’ s I ’h f ’ m ( ,  I~ m ; t t  I -rig ‘ m m  l , r .’Ll t t a t - t . i :tT - t , - i ’ i v ~- f . l v - -  e a i m ’,t .  F h ;~ L ILy .

C r a m  . i t ’ -  - - .- r - ., i i a n ~ - ‘a -  ‘I ’Ime ’ m : - - r - .  I if , l o L l  ;- m: : e a : i l v  t s a t 4 - I ~~~~~
‘ ant I

( - . To p ay - . H , - --

. 

‘:i t i S t ’ i ; - : - I - ‘  I , it - t h e ;  u ’ ; n , : , i u c . m ( t I t l ’ /  L i t  o c t ’0 1

I ‘e l  r ,, ‘s - o r  S - , “ na’ti , ’ . .- n n , l  - l v  , :n ’, :, ,. t f  ; f c i a  ‘ 1 . 1  o I l; ’ ( t 1k -  1’ 
~
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such that :1’ f i ’s bu tu n - n  - to t , l u I  c i i  ‘r: g u n t i l , I a ’ , - ( t i P  I ’ ‘:‘ -sa l t

be extended .

Remark C . i t  is in:t - t r - t - n ’ n i t , C :  note tc c.1- l’ha or’ enrm “- ‘ r i  “- 
‘

but not I’ . In Hoot ion - ‘~~~ pi’tisent an ~cx anr ,t I ’  ~ i te i ”  I is hi

and satisf i es ( U l ~~(t ’ ( )  1:-itt ‘here all ‘a c t  l a l  ,j ~~ td V : t t  v 4 : 5  0!’ - an- f-

unuounded I n the rte j ; ’ i t u o t ’ f  t o o - i  ‘ii ’ L }i~’ s r  . 1  Ut .

Proof , Suppose 0 - K I , and OS: ;u :n;e - - Zj ~( 0 )  - 1/. 
- 

,~~ ‘I i to the

f i r s t  time -that h i t: e:ther or i~ - . Th om ‘I’ i t  a mp~

time for  - . ‘ , and it tn t  co -v to nh o a  Fl (‘T ) 
~~

‘ 
‘~~ 

C, - r  all ut’  f t  ‘ a t m ’s I ,

o <, 1 / 
. ‘rc ’.’e a- 1f l t exact’Iy as in the proof ‘ ‘ a  ‘ i - u - -  - ;t~~ n1 , art’.’

can shown that the f’-otnction . i c-it i’Icte - : to the : t r ’I;: -‘~~ - I

is in the - ‘omain of the ~tene rotor of the pi’ ce, :n :, ‘ . i t o 1 h l ’ i  a. r ’ ,v n i t - m r  i

barriers at , an i - l-io~’-c u ’~er , I) ’ I U , ,;h~- r’e - , ‘ it o’ ,-. - Ier ,o1

the generator of l.hrs :: t : m i t t ’ :  I rC~’ m u . -ii , c s ap iT { m ip IL - nI ;  i a  i ” , r t u t  I a -

then have

P

( - d) FL l’( Y (T ) )  I — ‘ 1 ( z )  I— E~ -‘ I ( z ’ ( t ) . i t ~ ~~
( - .

Observe tI tm a l .  T PP ‘ ril i-ost s c r m - eL~- ;i,: I ‘ - . A t , ’ tr , t I ” , ; , ,  - 
- :  I c u t ;

-
( )  it f o lio ’,- :; t i ; : : !  r u e  i- I t s i ’ie  :,-~~

‘ ( ; ‘ K )  ( ‘O l iver , ‘ - . ‘ ‘a, ., “ ‘ ‘I ’ ’ - - ‘- ‘ 1

as I 0 . Thus,  IL,: l i i t t ;  0 in (7 ’l)  t n - I  ° ‘ 1 R  t m  l o t  I I - i - i ’  to

Theorem t .  - - ‘ i  ob t a in  - ( - : 1 ‘t 7 z ; .
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7 ,  Th” l’ern- :i t L i-u n- I. un

‘71 ’ i’t’nt :l L !u , n ’ ’  of 1.1 , :  s l i t  O f ’ S : , .  I, ,,. ’ -, ‘ ‘ ‘ ~ 
‘ - .  I s I -‘e’ ’ ; ‘i ’

‘-ditch su l ,s t ’u ’i ;t -m var i t t a - I t : : . d i n e  , : l t ; i :m ’ ,- - T~~L ’ ; .  i,tj i r,t:. if . - 1 .o,

(x , ’: hi m i ’,’’ I t - n ’ . ~- r - ’ ; - -a’ ! l t w t, (x
1
,X or’ (o..r -

- a ’ ~~~~~
‘ 

~~~~

-
. fn t r t at.i ’ n : f : b  - ‘  i1( t i t a n  I r a  ‘ - - i ’ ’ j r t  u i ,  “ ‘ - e  ~~‘ ,nt. :lt . -

, nt ,  H e  r~r 11’ii:

ni I t ’a ’it. , ’”- t ~iit l’~ I in; -
~~ 

, 1, C ia~~ , ~ur i  i n  ~~~~‘ ‘‘ a , r e  - n t t ; . , ;O! . a 1 I i .

the r ot’P . t , t -  - s m. :. ) ’  ui th ’~ ui ’ l g t n ,

;,-~~;‘u’,~~~ Au :sn,: -.- 
l~~~~

O ant i ,~~~ 
~- , -‘-~ U . L--s :’~~~m/-i. ;i ., -a

-~ ~ ,~~t t  ‘S I T- L ! f ;  ( - 14 ).. ,-‘) it ’ !’ t~,u~’i ’ - i—a 1 . - n m: ; - 
~~‘ 1 s I , I

(~ 1 fy f  ~ - 0 c-n th e in :.  .1 ’ .1

( j o ) [ a ~~~C 1 ~~~ a f  - , ,  ‘a ( .-: , - C- , ‘ 0 .

( - - i )  -t- I (-
~ ~‘1 ~~~ 

- — 
1

’ - 
.~~~~ T’ tar ’ y

( I t ’ ‘.‘- a- c t ,  - l x  , y a, - IL
0 0

fr m tid -. ‘ma t - a , f = ‘
~~~ - 

— S

( H )  - y ( - i ,~~ ’ 
f 

- 

:‘(u , v l  - i v . I . . m i ’ot’ ~x .\ ‘

0 0

if ’ f - n , t i , C I e m ’: ( .  , ‘t _ ( i , o )  C i t - s i ;  f j~ a i c - n a i L  l ’ s l . t ; e

I L l - a l t  j :~, ,, ;  I - r  F .
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C en,::.t r ’ , t t . I’ rOa t ,’ n tt:ac t t s t  I’ . ’ I . ‘.~-in 1-; ih’’n rv ’r ‘° , ri: ’’:’ :‘i u in’:.I i’ t ,’ I’heoron;r ‘ ,

S g ~
TO. ’ t 1,1:’ , C , ” ‘ — ( ‘ ‘ , I i t ! ” :  I’ , , S to~ t:o , . -~~~‘ -tn . I m i t l ’  Ci - . - -  , - - ‘ - a’: - I,;:, , I ~ o f ’

t l ,e  Limit -  ‘ i i  nt. r i i t t i t  i t ,  f t

:lonnia ; ”a , ~-lL a ‘ ne’ t ni,n } oo l , o-’ n . } a t, I L , .  t k t o t a i ’an .  ‘I t ; ’ - , !P~~t ‘ - :  m l - -  f

I r t  t i e  e -otc;:p te of’ Cat:t, ft-it - , ‘ ( .1 ; 1’ t ! - 1  J i , . ; p:t - - l I C  - - ‘ : 1  , - , i , I - .- - - .~

a le  m t n a ’oc ,r t  t~~ ~u . t I , ’ t t t 5 i l ’iot Jt , !’j IOOt : a d  1 ae ‘ u i ;  i i i .

P r o o f ,  F’ i s :mt. ta .tpu r ’ : .’ Hiat t ’ C - - ; ; rt i : ’’i .: C ’  _ :i 1  mci - ‘- f it s

- 
I
], 

. — ‘I’ m, ca r o l - ’ ;  a ’. the o rih in  ( - ‘; I t e n ’e I , 1;,~ vol  a - -  ‘ C ‘a - u t ; , -  - c t

arbitrarily). Fiat : P-s i’af ’lr:I ti -a of’ ~~~
‘
,,
, 

I ~ I’ - . t ,- -.,: t I t a n  U

A l - -;o t . since (‘i’
l 

- i ’ )  ( . : , o) : ;-;
~~ Lavt-

s -a
(

‘
f : )  ‘ t(x ::-r ) ( ,

~~ 
- -n ) ( ~;. : - . x l  ‘- - I f(:’: , ’j i mv

U

for z ) a C , ‘C ., t, , ,iiot.-~. ‘t~~Q ,,t) (IT , ..,t

X X m t — F l
( t o )  - - (a , — :  — i (~~~ , — . . c i , t  — ‘ ‘ - ‘ ‘- 

‘US

for ‘> : :  0 , an~ I.: : ; , , j , . i ; +  I . . fl’ - l u ~~ -’ d’- n n i : - - - : j ; , - - ’ t ; ’ ,’

- Ut ; ’ ‘, _ ‘ ; t . i~: ‘, 
I ’ 

- ru  . - r n ’ i i i’, om ’ t C H ,  ‘- ‘ u ’ ’ t ’ -

y a 
1fa t’ H ,y l t u  1— - 

~
- 10 
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o
~~
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— 1 1 1 - ‘ 14 I t i t ~ j r , L ’ : i’ , t s ! ’ ‘1’ tI ,

D:f = 
~~~~~~~~~~ 

0 ,  -
~ \ C ,., _ 

,, I ’ “ n t  t f m ’  j f lt a i ’i t , r of ’ H .

~‘ rom the t act  that ‘ I T ~~ - ‘si I hi i:Lai’,i u t’ ‘C t ~
, - ,‘

( s ~~) 0 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~

(.~
, .

_
() o = -

~~~~~~ 

- -~~~~~~ “ - : ( x , . )  ‘
~~~~

- -- ‘~
--  

~~‘t ’ ( :-m , t. l -

(~~ ) o - -~ (o , , ’ ) -

m ’ t i ’ect ly  5, 5: 01 t.i i~~ th ’O n t gbt— :,i.) , v y ; , I ’ o n t S i u n ; t  in ( ‘a ( .)~~~~~~~~ ‘ r O T

o b ta in  ( : - - - ) — I ~I L ) .  “ in ai l y , ‘l’~~’s- .~~ Ci’: - , g ivo , n  F -I ’ , itS t , ; 1 , , ,  :‘ r a.

an I the , ‘c:’t n j  t i-s i; (t.l of 1 it t ’c.i . t - _ ’’ --; ‘. t hat  f in  it - i a n :  r I . , ’ i t ’ ! ’

~
‘opei’ i strJ.otion F . T I t ’;” C’ sat i:t i ’i ’ : - ’ t a ) .

For t. t ,~ ’ - ’,- m~~e- ’ ’ e,  a - n m - c - - t m - ’  ‘ ‘ “~~~ H f’ a ::. ~d’ - ‘
~ ~~“ ‘ ~~~~~~ - - - l u ; ’

r ~‘it I . I t ’  is hun- - P l a t t e I i ’ ,,:: ( H ’ ) ar c : ;  ( H - )  t , i t U , t  1’ ‘01 -i “la m u~

ali t ( b i ~~~, TImo,: :rc- rice ; only -i ;, - --; D’ l’ I ’ . :t i’:- l I ;  ,re t I.n ~~ ’a I ‘ — ( t

the soCoti- .i ,a ’ ’a 1 it ,~ i c; omi;.’ I ,  ‘ ‘m i s i -  f o I l - J u a ~ f :  mu ; I s  l” t .: t I. ; - ’ 0 -I ’ - . 
~
‘

oy ( “ t I  nj .n I i - I t o  . -.‘ ‘ p : t - ’ C f I : ~~~.. e u r a t l t i e - ;  l.t ,t i nt: e - ” t ’ c i .a~~I ’ - ’ ,t m ,  -

:1 ’  1, ( O I  ) — ( - - tta -a S m ’ s , :m : an ’~ i t -  I . - ;  m V ;  i- -mit f - - i  I ’  ‘- - K ~ a -.:t.nst’tnmt .

TLma ,: .- .e nea t to ii ’ ’- ;, C — 0. , ‘JI u u t ;-;; ’ t h e  \ ‘n t ! i : - v  a - I  a . ,  Ct~ - ‘ ‘a _ti, ’ ‘ C

T- ’a’:are;-’ P n ice ’ ;  i c  a l l - t t  :~~n , t  onl.,y t r io  Lt ly  to - u~~ 1- t a ’ - - , 1.1 l t

()  I) IL  ‘ ‘ ( ‘ 7 . -I’ u l  - - . - 17: - i’ -
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~~~ 
- ‘ P - - -‘,.

~~len ,,~~~ 
-- 0 an”m 

~~~ 
C , - 

( ‘t , ~~ i. ;  et t . :y  C’s m i i o ; /  1 . t , n t t  K ’  ( ‘I’

1 0 ‘,- , t i a i -mCn V ei’  .‘ .~
, 

‘.1 , O i m t ; : e  am;  h u u u n j . t , ’  ; , i t ,, l ’~ I ; - , ~~, . . f’i,,,i, ( t  4 )

that K ‘
~ 0 .

b . Fx u- a rie-n ~t lal Sri [at  ion s

I r i se Our baa ; i ’  H CI’ --- ‘a . rt t ,j a  I t — : i t t a t , i. uui ;, — f 11 1 ; ,  . - -

coefficient-;., it  1; ’ t n.i t  nr a. I to seek n o lu t ,  ions am ’ ti ’e s - a m a : ’ - r I.e ox ,  ‘,i;t ,’t c t i

I c-r am

- - — ( -  .xC I- y ’u
i I ;~))  f I n ,  y ’F ‘— ‘ ‘ -  e ‘ ‘ , -: , ‘m - -

1’ro,posit io~; - - A ’ s a t t :t c: tc  . .
~ 

- 0 ‘ui-I 
1 

‘~~ -t 
‘
~ 0. ‘file “a ax 15t t rol  t or ;

I of ( - — i f , ~~ 1;avirt ” t,cte 1 ’;ti ’ta (I~~I i C C  ~~ :r i 
~~~~ 

‘ ‘ , i t ,  : , c ’ .’t :

a .r 
~~~~~ /oj art I j

~ 1 ~~ 
‘a .

Remark. A .molat i on f c t ’  ( ‘a t~~. . ( ’,; ’ )  ( ‘f i t  umj v~ ’ 1, 1,, - f o r ::’ “ m u ,  -
- 

- 
~~u :- .

only if ‘a t ’s o ” f l u - s  I ’ i ’t ( l ~0) . ‘ F l , I , ~ f o l l o w , :  ‘;a.,L ’p ~ n ’- i t i ;  t ;t e  La a u r y

~o n . I i t i - a n m ’  (t o t an ’; ( ‘~~ t . ‘J’h ’as ‘a l t o ’ , --  7 ) 1 1 . 1 0 i” :i i j e’ ,: F i u f  ~ P - 0

is necessary ~ n i . i ~u t ’ L’i c i e r t- C-s r ti:t ’ i ’x i , ’ t , u n m ’ r ;  o r a sep ai ’nI l~- - lo t io n.

Proof, Assuming t i m e  fort :  ( 110 ) , son i i  t i  r in~ (;~aI — ( H - I n - - -  - - i u ~t i v ’~ eat . I -

(li i ) 
~~~ cn ”~’ “ ‘ 

~~~~~~~~ 

tb 4 ! ~ 
,,
~ + ~~~ f n ’ o -

j

- - 

‘

~~~~~~~~



~~~~—‘~~~
‘ —‘—-“ ------ - - —~~ -- ~— - - ‘— -‘--‘-— - -~~—~— — -- —---

‘ -‘ ‘ -—‘--- --- -

( 14 t )  ;1 1, t ‘ F ’ ~~~
- o ’ : + ,,, = 0

and

(~~3l ~~~ iT~~” (4~~ + ~~~~~~~~ ~ ,,~~~- 0 .

Mul tip ly ino ( 1~: - 1  t ir~~, ‘pt ’. b~ 
( , rL iu ml ’r must be “o,-n i t i v e  i C C  L ’s ‘a , ,  : ~ a

t en s i t y~ ant i a’ . b t t ’ u o t i n m T  m t i s  t i-u t : :  ~1+1) , t-.-e obtain a
1’’ -

~
- 

~~~~~~~ 
C un :. i ’a~’l r~-

I - b i n  ,- ,‘j t l ,  ( 1~~ ) , we ‘ce t c t : t ( : , l l _ ( 2 ; , )  can hol m 21 ;i; n ,l 1.a!it ;’:’,::j ill

1 -  . ‘ - - t  — 
‘ ‘ . -

- 0, i i i  ‘ , .t~!. - i t  c a m e  - ,  - - -H . 1  
~~~ 

~ tt m - .~~ in . , t : n~- ‘ , i:

of n in ( I i ?)  g i v e . : 
~~

. 

~‘ ‘~~“l 
-f  

~~~~~~~~~~~

Another Special :ae

When the ‘k’n:;ity f’ does not h ave the simpLe fa n - -  ( 1 , ., 1 , ea!;’tt ,Ut In. ’

it explicitly appear:: to be a - llfficult problen:, ~‘a’l.y ~~ts- . t,..ec p

case has been solve d L u ; m :  fat - - .

Froposition a, Assth~te a1. = 0 , r~~ 0. — 1, = -a, and , ,
~~ 

-a 0 . L’.tt

I~ ’l I . Then the - i e n . ,- i H  of th e:  ‘ n : : L t  .tI~~ti’ibuit.~ on: I” I. :

-- — a  —1/2 — . r ( x . y l .1 -

t 1x ,y )  = K ’: r ’( :- pi ) J e Comm - ‘p-: .,

—1 - - H
where r (v , y )  (x + o - ‘ ( . x , .y ) t a r ;  (y a 1 ‘~n m  r.

Remark. The slightl y s tore  C -srle ral ~~~~~~~~~~ 
= - = ~ 

‘ 

~- t ~~ -of ’ - ‘ - - ~r . ’s ti e

accorrtrnotl at- :- I by a i’En. ; ; ’; u . 1 1 f lL .

~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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i roof , r u t  th~~ oa. :e a l l ’  t - ,  - ‘ f !. t , l ( ) l l . i ( , “ -) t h t ’u - t [ ’ lm  ( H ’ ’  I o n ’ I a t -  “ale

( I i . )  r ’
11 

u f , + 0 on th e u ~t 1 - ’;i’j or ,

(I ; - . )  t ’ I :-: , 7 )  = a for  x ‘
- ‘ C’

( l ,~ ~ 1 
~ 

-
~ ~~~~~ 0 ~~~~ ~

- ~~- ,t .

Let t i ri ,’, , ’~ ( - , y -  1* !‘ ‘ a ,y I ,  ‘- ‘a t’t : — c . -: - ! ‘ eS s  ( l aP  t t 4 ~~L’; u Ch (~~.t i n  t,srt:,n

of g a;

~~ 
I u ’ . , ,~~~~ Ofl tb ’~ P t U ” ; ’ I ’ s i ’ ,

( 1 45 1 ) g (x , 0 l  = 0 for mu ~~‘ 0

([i n n  ‘ i ~~~ 
- + u ’ a ,  ‘- ,~~ (0 .y ” 0 for  

~
-,‘ 0

Finally, ~ie t rano l’on:. to 1 ; Lot  (,‘aorJ iflateS by l e t t u . ; i - ~ 
: t ( ~~~, , -

The atsual t r,o :i : t ’o ’m c , , , r ;  i-”n l’ sn ” : ttiam ; t hen  ,~~.ve ( 1 p )~~
-. s - - i n - - ‘ - t a ;  -A ’ i t  at :

( ‘ o )  r h ,, (r ,~~) + r h
1

(i’ , O )  ~ h
1~~( r , d )  - - , “i u ( n’ , -

(~~t )  r
1

it ) (r . 0)  0 for a - 0

( ‘a- ’ )  h
1

(r .  H “fl  - r 1h ,~( r ,  it /l~) t , , h ( r ’ , - - - “ 1  0 fo r  r 7 0 .
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Hy p o t h en it i n g  o , ; u l o C i ’ ,a. ;-t ’ CIte fa+’tt . n (i ,6)  = r f ( r )  ~~~“) , ~ -c m a t - :
/-

a ’ r )  r
t 

e x p ( — ~~ - a- , - ,- ( ; )  - - ea,m ,;(f ,i/1l ) a _ ti ni ’y ( ,t) )— ( ‘ ‘ I .  bat - o r s i t i :

the trans IC i-nat ions then , ‘, iv t ,J 7- -c t  - 1 c m :  ire ; l’on’i ; . nPl a 1’ c ’ I ‘ - a - ‘ei~t tL ; ’. t

the na- m~ :,C a ’ - or, ca-n t-an t K t :as ritA. l ’eer i  at , :rn. ,j  a ‘ ,,  i , i t t ;  i

G~ J’4 
/ ‘

1 I X Y  A I f  ~~~ ( 1(x ,~~) J 1 
,~~ ~~~ 

~L ( y ,

0 C’ I,) H

-It ’.- ’ ‘~ -)
- — l ’ s — , , ir ma .” ‘ U’

- K I ,
‘ n’ e coam (~ - a ) r  -i c- . - -

0 0

Let  A ( c ~) - , . I l + ac;. - ) ,  no \ (~~~ ) ‘a t  co: ( L 0 ) .  ‘, ‘a : - -:n!’ -.’ - - : i ~’~t

r~ 
1. /I’ — ‘- ( . ‘ r “ “ ‘  . i12 —u ~‘

-
, 1’ ‘ e - 

.~~
‘ ,.“ - ( a )  1’ U ~ - I a  - j ’ ( — ’. ,’ . ( r ’ 1

o H

~~\~~~/~~(9 )  
~~~~~~~ ~~~~~ - ~‘ l~~5

1 — - ‘/ r --
— 

~ 
( ,_ 1)  ‘ co~ H

Thus we flee-I

l~~ K !u t
t 
(O1)~~~~~~~~r CO5 i t))) a h 1 ~~ ’ ( , ;

‘
~~~~~

• ‘ 
m. ’ ; m , ~~~ ‘ ‘ o

’

— LI” ‘1” ’Thus K Pt’ / ‘ (. 
~~

, ) -

to
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10. Con c ’u’+.i ,~~~~ l-l etnia :-k t

~‘ n ’oaaUly t I e  t’e..;t ,-ow’.,’mu ., -;a ’k - i n :  n ’ s ; l  t ,~ — ‘ l i ’ n~~ i : . : i ’  ri,; F “1 , ; : ‘ I : , n . , , i 1.1 ,

b oun - i r im’ ie ; ’- i~ the a’enr. [ r;al p a r  o x ’ ‘ :~ ‘a~ - ‘ - a r - k Ott t th3, n - a . O r s r,  I i  d C r f l ,,~

speaking , our i,ro ’t:e , - - 51 l ies  - a t , ~: ide L t t e  i i . i ’i .’ u _ t e k — V:t n ’r ; I : ’-r ; u  - - - , s o r t - i t

i ts; b -ot.in . Intl ’r,’ t ’ai is C meet t i tel  r atrn~ ru~t .hit; - ::,; 1,0 :‘;~ i i t ’ ; , a t .- , . .  ‘f ’ n . , one i : t~ ’ 4e

of ti c- theory ‘ - o r ie i p t ’t I h y Wrj t , amimam. --: I ( I .
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